Abstract A universal equivalent circuit is proposed for carbon-based supercapacitors. The circuit, which actually applies to all porous electrodes having non-branching pores, consists of a single vertical ladder network in series with an RC parallel network. This elegant arrangement explains the three most important shortcomings of present-day supercapacitors, namely open circuit voltage decay, capacitance loss at high frequency, and voltammetric distortion at high scan rate. It also explains the shape of the complex plane impedance plots of commercial devices and reveals why the equivalent series capacitance increases with temperature. Finally, the construction of a solid-state supercapacitor simulator is described. This device is based on a truncated version of the universal equivalent circuit, and it allows experimenters to explore the responses of different supercapacitor designs without having to modify real supercapacitors.
Introduction
Supercapacitors store energy reversibly by trapping charge carriers at the electrode/solution interface [1] [2] [3] [4] [5] . Typically, they do this by means of ion adsorption (double-layer capacitors) or by means of surface-confined redox reactions (pseudo-capacitors). In some electrode materials, such as carbon, both types of charge trapping occur at the same time. For this reason, carbon has become the material of choice for many commercial supercapacitors. Among the types of carbon that have been studied in detail are activated carbon (the industry standard) [6] [7] [8] [9] [10] [11] [12] [13] , various templated carbons [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] , carbon black [24] [25] [26] [27] , carbon aerogel [28] [29] [30] [31] [32] , carbon nanotubes [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] , and graphene [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] .
Over the past decade, supercapacitors have grown in popularity due to their high specific power, rapid charge/discharge capability, and long cycle life. Indeed, they have already replaced batteries in some niche applications where pulse power is critical, such as flash memory cards, mobile phones, biomedical devices, and digital cameras. On the larger scale, they are also under active consideration as components for uninterruptible power supplies, for regenerative braking in electric vehicles, for cold-starting internal combustion engines, and for load levelling. With more than a dozen major manufacturers worldwide, the optimization of supercapacitor design is now an area of compelling scientific interest.
To a first approximation, the total capacitance of a supercapacitor varies with the surface area of its electrodes, so carbons containing micropores (d <2 nm) are a natural choice. However, microporous carbons also exhibit a range of unwanted problems, such as open circuit voltage decay, capacitance loss at high frequency, and voltammetric distortions at high scan rate, which limit the performance of working devices. Accordingly, there is a strong need to understand the physical origin of these deleterious effects.
In recent years, various different experimental techniques have been used to characterize supercapacitors. For example, some researchers have applied small-amplitude techniques such as impedance spectroscopy [57] [58] [59] [60] [61] [62] [63] [64] [65] [66] [67] [68] [69] [70] , while others have applied large-amplitude techniques such as cyclic voltammetry [71] [72] [73] [74] [75] [76] [77] . A few pioneers have even performed computer simulations [78] [79] [80] [81] [82] [83] [84] [85] [86] [87] [88] [89] [90] . In spite of these diverse efforts, however, no single model has yet emerged that is capable of rationalizing the whole gamut of experimental results.
A powerful method of modelling an electrochemical system is to derive its equivalent circuit [91] [92] [93] [94] . An equivalent circuit is a conceptual arrangement of linear circuit elements which, if implemented in hardware, would generate the same impedance response (or set of current/voltage curves) as the electrochemical system under investigation. In the present work, we demonstrate, for the first time, that a single, universal, equivalent circuit exists for virtually all carbon-based supercapacitors. Furthermore, this same circuit provides a complete and logically consistent explanation for open circuit voltage decay, capacitance loss at high frequency, and voltammetric distortions at high scan rate. Finally, based on a truncated version of the equivalent circuit, a solid-state supercapacitor simulator is constructed which successfully mimics the behaviour of commercial devices.
Experimental
Voltammetric experiments were carried out using a μ-Autolab 70282 (type II) potentiostat (Metrohm-Autolab, Eco-Chemie, Utrecht, The Netherlands). The operating software was General Purpose Electrochemical System (GPES), version 4.9 (Eco-Chemie, Utrecht, The Netherlands).
AC impedance measurements were carried out using a Wayne-Kerr Precision Component Analyser, model 6430A (Wayne-Kerr Electronics, Chichester, UK). Equivalent series capacitance, equivalent series resistance, impedance magnitude, and phase angle were all measured over the frequency range 20 Hz to 500 kHz.
Open circuit voltage decay measurements were carried out using a PalmSens EmStat 2 potentiostat (Palm Instruments BV, Houten, The Netherlands). The software was PSTrace, version 3.06 (Palm Instruments BV, Houten, The Netherlands). All devices were charged to 2.0 V using a Concept Series HY3003-3 D.C. bench top power supply (Digimess Instruments, Derby, UK). After maintaining this voltage for fixed times (typically in the range 1-20 s), the devices were switched to open circuit and the subsequent voltage decay was monitored.
High-temperature supercapacitors were constructed inhouse using the method of [95] . Briefly, the electrodes were made by a screen printing method (DEK 65 manual screen printer, DEK Printing Machines Ltd, Weymouth, UK) and consisted of three printed layers. The first layer was silver (E1660, Ercon, Wareham, MA, USA) which acted as the current collector, the second layer was graphitic carbon (CHSN8032, Sun Chemical, Norton, UK) to mask the redox chemistry of the silver, and the third layer was an activated carbon (DLC SUPRA 30, Norit, Cambuslang, UK). The spacer was glass fibre, and the electrolyte was butyltrimethylammonium bis(trifluoromethylsulfonyl)imide (Io-li-tec GmbH, Heilbronn, Germany).
Commercial 1-F supercapacitors (Maxwell Technologies BCAP0001, 2.7 V) were purchased directly from the manufacturer. The electrodes were activated carbon, the spacer was cellulose, and the electrolyte was tetraethylammonium tetrafluoroborate in acetonitrile.
General theory of equivalent circuits
Equivalent circuits are generally constrained by a set of boundary conditions, whose purpose is to limit the number of candidate solutions to the problem at hand. Unfortunately, different boundary conditions are commonly assumed in different disciplines, making cross-disciplinary comparisons problematic. An especially vexing situation arises when comparing results obtained by electrical engineers and electrochemists.
Among electrical engineers, the term "equivalent circuit" generally refers to a simple series combination of two components (such as a resistor and a capacitor) that duplicates the response of a real system at a single specified frequency. (This usage is advocated by the American National Standards Institute (ANSI), for example.) Such a circuit is shown in Fig. 1 . In this case, there is no requirement that the equivalent circuit should match the amplitude and phase shift of the real system at any other frequency.
Among electrochemists, the phrase "equivalent circuit" has a very different meaning. It refers to a larger network that duplicates the response of a real system at multiple specified frequencies. Although there is no restriction on the size of such a network, electrochemists habitually apply Occam's razor and so do not insert more components into the network than there are physical phenomena to be explained. Nevertheless, they generally consider a large assortment of networks as candidate solutions and then select the "best" network as the one whose component values minimize the sum of the squared residuals between the theoretical impedance function and the experimental impedance function. By contrast, no such selection process is applied in the engineering case.
The existence of these two different philosophies of equivalent circuit modelling means that published values of "capacitance" must be interpreted with caution. To illustrate this Fig. 1 An example of an engineering equivalent circuit. At each measurement frequency, the capacitance and resistance values are adjusted to match the amplitude and phase response of the real system. The resulting values of C and R are then referred to as "the equivalent series capacitance" (ESC) and "the equivalent series resistance" (ESR) point, consider a randomly configured electrical network having a real physical capacitor embedded somewhere inside it. An explicit formula for the capacitance of this capacitor is given by Gauss's law, which states that the stored charge Q is equal to the integral of the normal component of the local electric field E ! (a vector) over the area A ! , multiplied by the local absolute permittivity ε.
Accordingly, the ratio Q /V =C real is the real capacitance of interest, which for a parallel plate capacitor of thickness d takes the form
where ε 0 is the absolute permittivity of the vacuum and ε r is the local relative permittivity (dielectric constant) of the medium inside the capacitor. However, only an electrochemical equivalent circuit could possibly identify C real . An engineering equivalent circuit would fail to do so because its "equivalent series capacitance" is a fictional capacitance whose sole purpose is to mimic the amplitude and phase response of the total system. Thus, the equivalent series capacitance has no simple physical correlative. Indeed, for the equivalent series circuit shown in Fig. 1 , it is given by the equation
where j is the square root of minus one, ω is the angular frequency, and Im Z(ω) is the imaginary component of the complex impedance of the total system. Note that, unlike the real physical capacitance, the equivalent series capacitance derived from this formula may be (usually is) frequency dependent. This unphysical result arises because the equivalent series capacitance is compelled to follow the response of the system as a whole (Eq. 3), not just the response of the isolated capacitor (Eq. 2). Consequently,
As a result of these considerations, literature plots of capacitance versus "surface area" are meaningless unless the authors have defined exactly what they mean by capacitance and preferably demonstrated that this same capacitance is not frequency dependent.
It is clear from the above discussion that two different approaches to equivalent circuits are in common use, and these generate two different values of capacitance for the same real system. On one hand, there is a two-component ("engineering") equivalent circuit which generates a frequency-dependent equivalent series capacitance whose properties may sometimes violate common sense. On the other hand, there is a multiple-component ("electrochemical") equivalent circuit which generates a frequency-independent real capacitance (C real ) whose properties are well behaved. It is a matter of regret that, in the scientific literature, these approaches are not always clearly distinguished. A particularly egregious example is the capacitance derived by measuring the baseline hysteresis of voltammograms, which is nearly always an equivalent series capacitance, even though this fact is rarely (if ever) mentioned to the reader. A similar caveat applies to the case of capacitance measurements obtained by bridge methods; these typically generate values of equivalent series capacitance rather than real physical capacitance.
Electrochemical equivalent circuit of carbon-based supercapacitors
The most obvious method of increasing the real capacitance of carbon electrodes is to increase their internal surface area. However, increasing the internal surface area of any porous solid at fixed volume can be achieved only by decreasing the average diameter of its pores, which necessarily causes an increase in pore resistance. Therefore, when designing a supercapacitor, an important consideration is the trade-off between the total capacitance of the device and the resistance of individual pores.
The modelling of porous solids, in the case of an interface that is blocking to charge transfer, has reached a high level of sophistication [96] [97] [98] [99] [100] [101] . The standard model is an array of identical pores arranged in parallel. Each pore, assumed uniform, is then represented by a set of repeated two-port components as shown in Fig. 2 . For historical reasons, such an arrangement is called an "RC transmission line". It can be seen that every current pathway through the transmission line passes through a capacitor, so that the impedance approaches infinity at low frequency. This is what we would expect for an Fig. 2 The RC transmission line model of a single pore. The resistors and capacitors all have the same values, so that the entire transmission line consists of a large number of small repeating sections "ideally polarizable" interface. In the scientific literature, transmission line models have been successfully applied to the charge/discharge behaviour of a range of materials containing pores whose diameters are notionally uniform, such as conducting polymers [101] , metal oxides in dye-sensitized solar cells [102] , and corrosion films [103] .
Unfortunately, the RC transmission line model fails completely in the case of materials whose pores are neither identical nor uniform, such as activated carbons. Activated carbons are made by pyrolysis of biological materials such as coconut shell, bituminous coal, and wood. During pyrolysis, the precursor materials expel volatile matter, leaving behind pores having multifarious pore wall chemistries and diameters. In the laboratory, it is commonly found that most of the internal surface area of activated carbon is associated with micropores and mesopores whose diameters fall in the range 0.3-50 nm. Such tiny pores are very difficult to model. In addition, there are often some macropores whose diameters exceed 50 nm.
In 1994 Fletcher [91] published a series of tables of degenerate electrical networks for use in the equivalent circuit analysis of electrochemical systems. (Electrical networks are said to be degenerate if they exhibit identical total impedances at all frequencies.) Among the tabulated results was the one shown in Fig. 3 . Figure 3 is of special interest in the present work because it implies that multiple horizontal RC ladder networks wired in parallel are actually degenerate with a single vertical RC ladder network, given a suitable choice of R and C values.
In other words, Fig. 3 implies that any set of non-uniform pores occurring in parallel can be modelled as a vertical ladder network. Thus, the vertical ladder network can be regarded as a universal equivalent circuit for conducting porous solids.
Based on this novel insight, a high-precision equivalent circuit for an assembled symmetric supercapacitor can readily be devised, and this is shown in Fig. 4 . It consists of a vertical ladder network of RC-series components, each of which has a different time constant from the others, and a solitary RCparallel network (on the right-hand side of the diagram) which represents the resistance of the bulk of solution shunted by the capacitance (dielectric polarization) of the solution.
At this point, we must caution the reader against a naive interpretation of the model components shown in Fig. 4 . While it is certainly true that each capacitor is related to the capacitance of a patch of pore wall, and each resistor is related to the resistance of a length of pore channel, the correspondence is not one-to-one with the real physical values. More precisely, the proposed equivalent circuit is degenerate with another equivalent circuit (a random set of finite-length RC transmission lines in parallel) which does have a one-to-one correspondence with the real physical values. We also caution that the vertical ladder network cannot extend to infinity because it is not possible to have infinite capacitance in a finite space.
In supercapacitor devices, the resistance of the solid carbon is generally insignificant compared with the resistance of the liquid-filled pores, so it is the liquid-filled pores that control the RC time constants in the system. For example, the roomtemperature conductivity of activated carbon is about 0.06× 10 3 S/cm, whereas the room-temperature conductivity of aqueous sulphuric acid at its conductivity maximum (31 wt%) is 830×10 −3 S/cm. Hence, in this case, the pore channels containing aqueous sulphuric acid are more resistive than the pore walls by a factor of circa 70. The situation is even more extreme in the case of high-temperature supercapacitors [95] , which utilize ionic liquids such as butyltrimethylammonium bis(trifluoromethylsulfonyl)imide. This latter compound has a room-temperature conductivity of only 2.1×10 −3 S/cm, implying that the pore channels containing ionic liquid are more resistive than the pore walls by a factor of 30,000 or so. In most carbon-based supercapacitors (whether aqueous, organic, or ionic liquid), the solitary RC-parallel network on the right-hand side of Fig. 4 dominates the impedance response at high frequencies (>1 kHz, say) whereas the vertical ladder network dominates the impedance response at low frequencies. In the latter case, the time constants of the "rungs" of the ladder network are typically distributed over many orders of magnitude, from milliseconds to kiloseconds.
Sometimes, an approximately linear segment is observed in the complex plane of impedance at a fixed angle to the real axis. This state of affairs is shown (in idealized form) in Fig. 5 . Over the range of frequencies corresponding to the linear segment, the finite ladder network is indistinguishable from a well-known infinite ladder network today known as a "constant phase element" (CPE) [104] . The mathematical form of this element is
where Z is the complex impedance, ω is the radial frequency, and j ¼ ffiffiffiffiffi ffi −1 p . The terms T and p are constants, and the corresponding phase angle is (−90p ) degrees. In Fig. 5 , the fact that the linear segment is not vertical indicates that the capacitances in the infinite ladder network are charging asynchronously (i.e. at different rates) such that greater amounts of charge are stored at longer times (lower frequencies).
More realistic than infinite ladder networks are finite ladder networks. These latter behave as single, total capacitances at very long times (i.e. at very low frequencies) having the value
In this limit the complex plane impedance plot takes the form of a vertical straight line, as shown in Fig. 6 . As the limit of a sum, the value of C real is the largest that can be measured on a supercapacitor and therefore tends to be the value quoted by manufacturers. Naturally, it should not be mistaken for the value of equivalent series capacitance that is measured on any finite time scale (and which is necessarily smaller than C real ).
Comparison of theory and experiment
The presence of a vertical ladder network in an electrochemical equivalent circuit indicates a distribution of time constants in the real system. Figure 7 shows what a finite ladder network looks like when the rungs of the ladder are ordered in terms of their time constants τ 1 <τ 2 <τ 3 …. As time progresses, the capacitors charge sequentially from bottom to top. We call this phenomenon asynchronous charging. It is the existence of asynchronous charging that causes the practical problems of open circuit voltage decay, capacitance loss at high frequency, and voltammetric distortions at high scan rate, as we now describe.
In order to compare theory and experiment, we constructed a supercapacitor simulator from ordinary electrical components using the values indicated in Fig. 8 . Its responses were Fig. 9 . The corresponding results for a commercial 1-F supercapacitor are shown in Fig. 10 . In the scientific literature, these curves are commonly attributed to "self-discharge" (i.e. the presence of a faradaic leakage current through a path of fixed resistance), although there is scant physical evidence for this [105] . An alternative explanation is that ions might diffuse from regions of high electrochemical potential to regions of low electrochemical potential [106] , but, again, there is little proof. A third suggestion is that the Fe(II)/ Fe(III) redox couple might act as a charge shuttle between the terminals of the device [107, 108] . This, however, seems feasible only in aqueous solutions. Finally, a fourth suggestion is that the open circuit voltage decay curves might be due to the spontaneous redistribution of adsorbed ions among states having different RC time constants [109, 110] . Our ladder network model (Fig. 7 ) strongly supports this last interpretation. Indeed, at open circuit, it is clear that some fraction of the charge that previously entered the "rapid" states at high potential spontaneously migrates into the "slow" states at low potential, driven by the second law of thermodynamics. During this charge redistribution process, no faradaic reactions occur, and no charge is lost, but some of the electrostatic potential energy of the initially stored charge is necessarily dissipated as heat. Indeed, the production of heat is a natural consequence of the intra-electrode circulation of electric current (Joule heating).
The complex plane impedance plot for the supercapacitor simulator is shown in Fig. 11 , and the corresponding result for a commercial 1-F supercapacitor is shown in Fig. 12 . The Fig. 7 The finite ladder network of a symmetric supercapacitor, arranged in order of the time constants τ 1 <τ 2 <τ 3 …. The capacitors charge in the sequence C 1 ,C 2 ,C 3 …, so that the equivalent series capacitance appears larger at smaller scan rates. [Note: Depending on supercapacitor design, the solution capacitance C may act as a constant phase element.] Fig. 8 Component values of a solid-state supercapacitor simulator. This circuit is a truncated version of the universal equivalent circuit having RC time constants τ 1 =10 ms, τ 2 =0.1 s, and τ 3 =1 s. As expected, the equivalent series resistance is frequency dependent, approaching a constant value of 90.09 Ω at very high frequencies. Likewise, the equivalent series capacitance is also frequency dependent, approaching a constant value of 300 μF at very low frequencies Fig. 9 Open circuit voltage decay of the supercapacitor simulator, after charging potentiostatically at 2.0 V for various times (top to bottom: 20, 10, 5, 4, 3, 2, and 1 s). The data indicate that the system is charging in the asynchronous regime similarities with Fig. 6 are obvious. In the high frequency range, there is a well-defined arc associated with the resistance of the bulk of solution shunted by its capacitance, which we refer to as the non-charging regime . We chose this name because the carbon electrodes cannot charge in this range of frequencies (although a small amount of charge can of course be stored in the dielectric polarization of the solvent). As commonly observed in many electrochemical systems, the experimental arc is somewhat less than a full semicircle, most likely due to the spatial distribution of R and C values in the bulk of solution. Further, in the low frequency range, there is an approximately linear segment disposed at an angle to the real axis, which corresponds to a set of capacitances that charge and discharge asynchronously. As emphasized above, this segment arises from the wide distribution of time constants of the capacitive charging processes inside the pores.
In the commercial 1-F supercapacitor, we note that the highfrequency response is dominated by the ionic conductivity of the solution outside the pores (i.e. the bulk of solution) whereas the low-frequency response is dominated by the ionic conductivity of the solution inside the pores.
Data obtained by applying cyclic voltammetry to the supercapacitor simulator are shown in Fig. 13 , and the corresponding data for a commercial 1-F supercapacitor are shown in Fig. 14 . In both cases, the low-scan-rate voltammograms have the classic "rounded parallelogram" shape expected for a single RC series circuit. The results indicate that the system is charging and discharging in the synchronous regime. However, with increasing scan rate, the voltammograms become increasingly biconvex (lens-shaped) due to the inability of the slow fraction of capacitive states to "keep up" with the applied voltage perturbation. The data now indicate that the system is charging and discharging in the asynchronous regime. Once again, the universal equivalent circuit (Fig. 4) fully explains the experimental results.
Finally, we remark upon one of the most surprising features of carbon-based supercapacitors, namely the fact that their equivalent series capacitance increases at higher temperatures (Fig. 15) . Since the capacitance of a dielectric liquid generally decreases at higher temperature (because the increased random motion of electrolyte species diminishes the dielectric constant), the observed increase in the case of supercapacitors appears profoundly anomalous. However, the effect can now be explained by reference to the universal equivalent circuit (Fig. 4) . As the temperature is raised, the real capacitance actually does diminish (as predicted by the theory of dielectrics) but so too does the real resistance. This combination of effects drives down the RC time constants in the system, so that, on all time scales except the very slowest, the equivalent series capacitance actually increases. Stated simply, more equivalent series capacitance is gained by faster charging than is lost by thermal agitation of the solution.
This "temperature paradox" is very striking in ionic liquids because of the steepness of the Vogel-TammannFulcher relation, which controls the solution resistivity. For example, the resistivity of butyltrimethylammonium bis(trifluoromethylsulfonyl)imide (BTM) decreases from 476 Ω cm at 25°C to 17.5 Ω cm at 200°C, a factor of nearly 30 [95] . This precipitous fall causes a dramatic lowering of the RC time constants of the pores and results in a doubling of the equivalent series capacitance of hightemperature supercapacitors [95] .
Conclusions
There has long been a need for a definitive equivalent circuit for carbon-based supercapacitors, both to parameterize practical devices and to predict how they will perform under load. In the present work, a universal equivalent circuit has been identified which successfully solves both problems. This circuit explains the three most significant performance-limiting features of present-day devices, namely open circuit voltage decay, capacitance loss at high frequency, and voltammetric distortions at high scan rate. In addition, the circuit reproduces the complex plane impedance behaviour of commercial devices, such as the Maxwell Technologies 1-F supercapacitor, and also reveals why the equivalent series capacitance increases with temperature.
In the scientific literature, the decay of voltage at open circuit has often been attributed to self-discharge (i.e. unwanted faradaic processes). This is, however, an error. In fact, open circuit voltage decay occurs because of the very wide distribution of time constants among the pores in the activated carbon. What happens is that the charge that is initially stored inside quickly-responding pores gradually redistributes itself among slowly-responding pores. At open circuit, this redistribution causes the observed voltage to decrease. Strong evidence in favour of this interpretation is that the observed voltage does not decay asymptotically to zero, but instead decays asymptotically to different finite values depending on the state of charge.
Careful comparison of experimental responses with theoretical predictions reveals the existence of three different regimes in three different ranges of frequency. At high frequency is the non-charging regime, dominated by the behaviour of the bulk of solution. At intermediate frequency is the asynchronous charging regime, dominated by the different RC time constants of the pores. Finally, at low frequency is the synchronous charging regime, in which all the pores charge simultaneously. At the present time, practical devices tend to operate in the asynchronous charging regime. Based on a truncated version of the universal equivalent circuit, a solid-state supercapacitor simulator has also been designed and built, having just three RC time constants. These time constants were arbitrarily selected to be τ 1 =10 ms, τ 2 = 0.1 s, and τ 3 =1 s, although any suitable values could have been chosen. The resulting device, which is cheap and simple to construct from readily available components, may find practical use among developers of control and switching electronics for supercapacitor storage systems and hybrid electric vehicles. It may also find use as a teaching aid.
It is clear from the present work that a deeper understanding of the electrical properties of nanopores will be essential to the future development of supercapacitors. To date, the minimization of pore resistance has been comparatively neglected in favour of maximizing pore capacitance. However, there is clearly no point in increasing the capacitance of pores if they cannot be charged on any reasonable time scale.
Finally, it is recommended that, in future, researchers in the field of supercapacitors state explicitly which kind of capacitance they are reporting-equivalent series capacitance or real capacitance. Making this distinction would improve the reader's confidence in their data and permit more lucid comparison of results from different laboratories.
